|F (x, y)| ≤ m is also finite, since obviously such a form takes integral values at integral points.
Let N F (m) denote the number of integral solutions to the Thue inequality above and consider the region R F = {(x, y) ∈ R where the implied constant is absolute ( [S] , Chapter 3, Theorem 1C). Together, Mahler's and Schmidt's results indicated that the area A F might be bounded above by some absolute constant, or perhaps some constant depending only on the degree d. In fact, more is true. Suppose we look more generally at forms
, where (X, Y )T is the matrix product. The crucial observation here is that the product
is invariant under such actions, i.e., 
) where the implied constant depends on d and ε > 0. In this paper we prove the following theorem which gives partial evidence for such a result. 
where the constant implicit in the O notation is absolute.
Using (2) and noting that 29/44 < 2/3, we get the following.
Corollary. Let F be as in Theorem 1. Then
where the implied constant is absolute.
Thus Schmidt's conjecture is true in the cubic case.
Bounds for the height. Let F be an integral form as in the introduction and write
. The dependency on the form F in the error term of Mahler's result is essentially a positive power of the height,
. So a reasonable approach to our problem is to find an equivalent form G where H(G) is small as possible, making the error term in Mahler's result small. A form F is called minimal if its height is smallest among all equivalent forms. It is not difficult to show that the height of a minimal form F is bounded below in terms of the discriminant of the form, D(F ). Specifically, one has (see [M2] )
for all forms F , and for S ∈ GL(2, R)
Thus, there is no hope for finding an equivalent form of small height if the discriminant is large. To prove his result, Schmidt reduces to considering the case when the discriminant is relatively large in terms of the parameter m, so that the height is large as well by (3). This is an approach exactly opposite of the one above. The purpose of this is to force all solutions to the Thue inequality to satisfy some type of "gap principle," and thus allow one to get upper bounds for the number of such solutions, as opposed to estimating the number of solutions by m 2/d A F . If one knows that the discriminant is large to begin with, then the number of solutions to the Thue inequality can be shown to be relatively small.
The difficulty in getting upper bounds for N F (m) which do not depend on the coefficients of F lies with the forms of small discriminant. What is needed is some upper bound for the height of a minimal equivalent form in terms of the discriminant, so that one may assume the height is small if the discriminant is small, allowing one to use Mahler's result to bound N F (m). For this approach to work one would need some upper bound which is polynomial in the discriminant. J. H. Evertse has given such a polynomial bound in [E] . Unfortunately, his bound also contains an ineffective constant which depends both on the degree and the splitting field of the form. Worse yet, the ineffectivity comes from the infamous ineffectivity in Roth's theorem on approximation of algebraic numbers by rationals. This indicates that giving effective upper bounds for the height in terms of the discriminant is a deep and difficult problem. Evertse and Győry in [EG] give an effective bound using linear forms in logarithms, but it is not surprising that this bound is far larger than polynomial in the discriminant.
From the reduction theories of Lagrange and Hermite, one sees that an effective upper bound for the height in terms of the discriminant exists in the cubic case. Here, making explicit some arguments given by Evertse in [E] , we give a short proof of a bound using geometry of numbers ( 1 ). There is a T ∈ SL(2, Z),
Theorem 2. Let F (X, Y ) ∈ Z[X, Y ] be a cubic form which is irreducible over the rationals and write
The relationship between the height and the Mahler measure M (F ) defined above is well known. See [S] , for example. Define
Then C is a convex body (closed, convex and symmetric about the origin). Let λ 1 ≤ λ 2 be the successive minima of C with respect to the integer lattice Z
We have
Suppose that
, hence a nonzero integer (since F is irreducible over Q). Using this gives
Combining (6) and (7), we get λ 2 ≤ 4|D(F )|
1/3
. This, together with (5), proves Theorem 2 once we have shown the validity of (6).
Lemma 1. With the notation and hypotheses above,
One easily verifies that
so that |α 3 x + β 3 y| ≤ |α 2 x + β 2 y| + |α 1 x + β 1 y| and hence
If β 1 /α 1 is complex, we may assume without loss of generality that it is the complex conjugate of β 2 /α 2 . We then have
and the lemma follows from (8).
Proof of Theorem 1. Throughout this section, when we write the implied constant is absolute. We write F as in the statement of Theorem 2 and assume, as we may by Theorem 2, that
Since, as noted above,
By the explicit version of Mahler's theorem in [B2] ,
where the implicit constant is absolute. . By Lemma 2C, Remark 2D and Proposition 2E of [S] , Chapter 3, we have
. Then These last two inequalities complete the proof of Theorem 1.
